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Tallinn Polytechnic Institute, 200 026 Tallinn, USSR
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Abstract. The structure of possible equations for a vector-bispinor is examined. A system-
atic procedure is given for obtaining the covariant equations with a given particle and mass
content. It is shown how to derive the particle content and masses for a given equation.
The relation between the root method and the method based on spin-projection operators
is given.

1. Introduction

The development of supergravity (van Nieuwenhuizen 1981) points out the importance
of spin 3 particles in particle physics. For that reason it is of great interest to investigate
the possible descriptions of spin 3 more thoroughly. From the different representations
the most suitable for this purpose is the vector-bispinor representation, since it offers
a minimal dimensional theory that can be derived from the Lagrangian.

The most familiar of the equations for a vector-bispinor is the Rarita-Schwinger
equation (Rarita and Schwinger 1941), which describes the single spin 3 state. The
other equations for a vector-bispinor are multiparticle equations where one or two
spin ; states are also present (Kdiv et al 1982a,b). Due to the acausality of the
Rarita-Schwinger equation (Velo and Zwanziger 1969), it is important to investigate
all the possible equations for a vector-bispinor. Itturns outthatin minimal electromag-
netic coupling the acausality defects are present only in the Rarita~Schwinger case.

The algebraic structure of all possible equations for a vector-bispinor was estab-
lished using the formalism of spin-projection operators in Koiv er al (1982a, b). The
mass spectrum of equations with Hermitian matrices was previously investigated by
Biritz (1975¢c, 1979). The method based on spin-projection operators is very useful in
pure algebraic investigations of equations. However, the covariant formalism based
on Dirac matrices is more suitable for applications. In this paper we give the relation
between these two formalisms; the prescription for a derivation and also a systematic
study of equations for a vector-bispinor. The connection between the non-covariant
matrix form and the covariant tensor/spinor form of some equations has been pre-
viously considered by Frank (1973) and Cox (1982). We also consider the root method
which has been frequently used (Ogievetsky and Sokatchev 1977, Berends et al 1979,
van Nieuwenhuizen 1981). It allows one to derive equations for different spins and is
also applicable in the superfield case (Ogievetsky and Sokatchev 1977). However, the
root method is not so universal as the ordinary method of spin-projection operators.

In spite of the fact that the multiparticle equations for a vector-bispinor are not
used so often, it seems that they are also important. Firstly, the multiparticle equations
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are free from acausality. Secondly, the equations of supergravity are based on multi-
particle equations. The massless spin 3 gravitino equation of supergravity (van Nieu-
wenhuizen 1981) is based on the multiparticle equation (see § 6). The equations for
the spinor superfield are reduced in the superspin 1 and 0 cases to the muitiparticle
equations (Loide and Suurvarik 1984).

A vector-bispinor is also exploited to describe spin  particles only (Capri 1969,
Chandrasekaran et al 1972, Loide and Loide 1977). A spin 3 equation for a vector—
bispinor is obtained in the superspin 0 case for the spinor superfietd.

The paper is planned as follows. We begin with some necessary information
concerning the formalism of spin-projection operators. Then the general description
of equations for a vector-bispinor is given. Furthermore we analyse the root method
and then put the theory into the covariant form. Following this, we give some examples
of frequently used equations.

2. General formalism of spin projection operators

We shall begin with a brief discussion of the construction of wave equations, using
the formalism of spin-projection operators. We start from the first-order equations

(i, 8* —m)y =0, (2.1)

where ¢ transforms according to some finite-dimensional representation of the Lorentz
group. Matrices B8* satisfy the following commutation relations

[, B®]1=n"B" —n"B", (2.2)
where n*" = diag(+——-). The generators of the Lorentz group S$*" satisfy
[8#%, $27]1=n"’S*7 + 78" — phPS*T — " SHP, (2.3)

When the ¢ representation is fixed, the problem reduces to the derivation of 8°;
the other matrices B8* are then established from (1.2).

In the following we give the general prescription for deriving 8° in the formalism
of spin-projection operators ( Loide 1972, Loide and Loide 1977, Biritz 1975a, b, c, 1979).
The structure of 8°is more transparent in the representation where i is decomposedintoa
direct sum of irreducible representations i = (k;, [;): 1®2@...®r. Then B°is written as
follows

B =la,t,l, (2.4)
where a, are arbitrary free parameters. Matrices t;, are expressed with the help of

. ;. .
spin-projection operators ¢}

ty =2 ay(s)t;, 2.5)
where the summation is over all common spins in representations i and j. Only those
1, are non-zero which correspond to linked representations i and j.

The most relevant objects in our construction are the spin projection operators t;;
expressed with the help of Clebsch-Gordan coefficients

(1) eaaw =2 (c'd (D]so)(sal(j)a'b’). (2.6)
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Due to the properties of Clebsch-Gordan coefficients, ¢}; satisfy
it = 8, bt (2.7

The coefficients a;(s) in (2.5) are not arbitrary, but are uniquely determined by i
and j. In the case of the representation i=(k,[), we have four different linked
representations j: (k +3, [ +3), (k—3, 1—%), (k—3, [ +3) and (k +3, | —3), and four differ-
ent relations for a,(s), respectively,

_[Uett+24s)(k+1+1-5)]"

(1 %(S)“_ 2k +1+1) ] ’
C[keHi+1+8)(k+1-5)]"

@ ()= "5y ] ’ (28)
_'<s+k—1)(s—k+l+1>]”2 |

) als)=| 5 ’
_[G-k+D(s+k=1+1)]"

(4) arj(s)"_ (2k +1)21 ]

It is useful to decompose B° into the sum
B°=pB"+B2+... +B%, (2.9

where 8° includes spin-projection operators ¢;; of a given spin s. Due to (2.7), we have
BB =8,,(B*)" and the investigation of B° reduces to the investigation of matrices
B’. Moreover, due to (2.7) the investigation of 8* reduces to the investigation of some
n X n matrix formed from the coefficients a,a,(s), n is the number of irreducible
representations which carried spin s.

The eigenvalues of 8° depend on the choice of free parameters a;. The mass
spectrum of particles described by an equation (2.1) is determined by the non-zero
eigenvalues of the B8° matrix, A, as follows: m, = m/A (Corson 1953, Gel’fand et al
1963). Physical masses correspond to real A.

Often the parity operator 7 and the hermitising operator A are needed. Then the
y-representation is composed of mutually conjugate representations—with each rep-
resentation (k, [) there is also the conjugated representation (!, k). The general form of
7 and A is the same, as for 8°

7T='drj‘\ij‘s AZ).DUAUL (210)
where

Ay =2 Ay(9)t},. @2.11)
Aj; # 0 only in the case of the following representations i and j: i = (k, k), j =(k, k) and
i=(k D), j=(L k) (k#1). The coefficients A,(s) must satisfy

Ay(s)=—Ay(s£1). (2.12)

If we demand invariance under the space reflections and derivability from the
Lagrangian, we have the additional restrictions

(8% w]=0, (BY"A=AB°. (2.13)

The relations (2.13) restrict the choice of coefficients a;;, d,; and p;
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The equation (2.1) can be derived from the Lagrangian
L=%i(d/+Aﬂ“8“¢—¢+A§HB“¢)~mdf'/\«/x. (2.14)

The derivation of higher-order equations is in principle the same (Loide 1972). If
we have the nth-order equation

(id,, ...19, BH P —=m"y =0, (2.15)
the matrices B*+*» satisfy the following commutation relations

[Spv’ 'Bul...y."] =; T’up,ﬁu),..u...y." — n;/.ulBul.“u..,M". (2.16)

The general form of 8% is the same as in the case of the first-order equation (2.1)
and is given by (2.4); t; are expressed with the help of (2.5). The difference is that in
the case of a given representation i there are more linked representations j, and the
coefficients ay(s) are not in general uniquely determined. In the case of representations
i=(1,%) and j=(3, 1), for example, (2.8) shows that in the case of a first-order equation
t;,= /> +3t}/?, i.e. both spin-projection operators 2> and t/* are present. In the case
of thir/d-order equations there are no restrictions on «;;(s) and one may set ¢, = t?/z or
=t}

The question arises, why do we mention here the higher-order equations, since it
is well known that the equations where n > 2 give the mass spectrum where unphysical
masses are also present. In the following we demonstrate that the root method operates
in principle with matrices corresponding to higher-order equations. Also it should be
mentioned that in papers where the formalism of spin-projection operators was firstly
used (Weinberg 1964a, b, 1969, Pursey 1965, Tung 1966, 1967), the equations of special
type, where B8%°=B°, were considered (Loide 1972). One of the general relations
should be separately mentioned: if we have two arbitrary irreducible representations
i=(k,I) and j=(k',I'), then for each t; we get the nth-order equation, where n=
2min{(k +k"), (I +1)}. In the case of the representations i=(1,%) and j=(3, 1), for
example, n =3, as we have mentioned above.

3. Equations for the vector-bispinor

In this section we shall illustrate how to exploit the above given formalism in the case
of vector-bispinor ¢,,, and give the description of all possible equations with physical
mass spectrum (Koiv et al 1982a, b).

The vector-bispinor ,, is decomposed as

(G, 0@(0,)]®G, ) =(1, D0, HD G, DG, 1), G.h

Denoting the representations 1=(1,3), 2=(0,3), 3=, 0), and 4= (4, 1) we may write
B°=B**+B"? in the following general form:

0 0 0 ny
0O 0 0 0
3/2 —
A 0 00 0]} (:2)
320 0 0
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0 0 anf® ing?
. 0 ok bty 13
B - 1/2 172 0 ( ‘ )
bty ctih 0
i’ atg® 00

The parity operator 7, corresponding to our choice of free parameters a, b and ,
is

0 0 0 -y
0 (R 0
= 34
T 0 —12 0 0 (34)
AR 0 0
The hermitising matrix is the following
0 0 0 pns’ =1y
0 0 pat2h’ 0
= 35
Moo e o 0 G
ptP -1 0 0 0

Derivability from the Lagrangian imposes on the parameters the following condi-
tions:

b*p,=—p,aq, ¢ real. (3.6)

As we have mentioned above, masses are determined by the non-zero eigenvalues
of the B° matrix, £A. In (3.2) we have chosen the non-zero eigenvalues of 8** to be
+1, which means that the mass of a spin 3 particle is equal to m.

The investigation of non-zero eigenvalues of 8'/? reduces to the investigation of a
reduced matrix $3,,, formed from the parameters in (3.3)

0 0 a 3
B, .= 0 0 ¢ b 37
2=y oo ol (3.7)
5 a 00
The characteristic polynomial of B,,, gives the following eigenvalues:
24 ,=c+3x[(c—3)° +4ab]'?,
(3.8)

2h34=—(c+3)F[(c —7)" +4ab]">.
As we can see the eigenvalues of 8,,, depend on two real parameters ab and ¢. For
physical mass values A must be real, therefore the only restriction on ab and c is

4ab = —(c —1)~ 3.9

The physical values of parameters ab and ¢ may be represented on an ab—c diagram
(figure 1). From (3.9) the physical region is determined by the parabola

dab=—(c-1%). (3.10)
The points on the parabola correspond to the coincident eigenvalues

A =A"=|c+3 (3.11)
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ab

m E:-1/2\ +3 I

Special point

v / Unphysical region
/ )
I=

T-b 1)

Figure 1. An ab-c diagram. On the line ¢ =—} there are points with the coincident
eigenvalues A'=A". On the line ab =3}c there are points where A'# 0 and A" =0. At the
special point A'=A"=0.

(A" and A" denote the non-negative eigenvalues from A, ..., A;). These points must

be also regarded as unphysical, since the minimal polynomial of 8,,,is (87,,—A%*=0,

and gives the vanishing charge and energy densities (Udgaonkar 1952, Cox 1977).
On the parabola (3.10) there is the special point

ab=—1, c=—1, (3.12)

where A'=A"=0 and B,,, is nilpotent: (8,,,)> =0. This special value of parameters is
used when we want to describe a single spin 3 particle. The equation we get is the well
known Rarita~Schwinger spin 3 equation. It is well known (Velo and Zwanziger 1969)
that the Rarita-Schwinger field coupled minimally to an external electromagnetic field
leads to acausality. When compared with the other physical equations for a vector—
bispinor, it appears that all the other equations have no causality defects in minimal
coupling since the B° are diagonalisable. All the equations with diagonalisable B-
matrices are causal in the presence of an external electromagnetic field (Amar and
Dozzio 1975). These causality considerations allow us to classify the equations with
nilpotent matrices as unphysical (the other points on the parabola (3.10) are unphysical).

In the physical region there are two notable lines: ¢=—3 and ab =4ic (see figure
1). On the line ¢ = —3 there are points with the coincident eigenvalues

A= A"=(ab+5)"2 3.13)

These points describe two spin 3 particles with the same mass m/A’.
On the line ab =3c (which is a tangent of the parabola at the special point) there
are points where

1

A =lc+4], A"=0. (3.14)

These points describe one spin 3 particle with mass m/A".
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The remaining points in the physical region describe two spin 3 particles with
different masses m/A' and m/A”. While considering the parities, it is useful to
distinguish four regions in the ab-c diagram:

region I c+3>0, c>2ab: AT >A5>0,
region 11 c+i>0, c<2ab: Ay >AT>0,
region III c+3<0, c<2ab: AZ>A7>0,
region IV c+1i<0, c>2ab: As>A7>0.

+ and — denote the parities of corresponding spin 3 particles when the spin 3 parity
is chosen to be +1. Therefore, if A'# A" we have four different parity combinations
corresponding to the same mass spectrum.

From (3.8) it is possible to find the eigenvalues corresponding to the parameters
ab and ¢ Sometimes one can choose the non-zero eigenvalues A'# A”; then the
parameters are the following:

region I ab=—A A, +3(A +45) =3, c=A+A,—3,

region II ab=A Ay +3(A +Ay) -4, c=A = Ayt

region II1 ab= A\ —3(As= ) -1, c=—(Aam )1, (3.15)
region IV ab=-AA;—3(As+A3) -4, c=—(As+As) -1,

It is also interesting to note that the points where one of the eigenvalues A >0 is
constant, lie on tangents of the parabola (3.10):

ab=(A—-3)(A-¢), ab=(A +3)(A +c¢). (3.16)

The other eigenvalue varies from 0 to c©. Therefore the masses of two spin 3 particles
may be chosen arbitrarily (the mass of a spin 3 particle is equal to m).

As we have seen, one can construct equations with a different mass spectrum. In the
case of the B° matrix (3.2) and (3.3), the equation describes one spin } particle, and
depending on the choice of free parameters ab and ¢ two, one or no spin 1 particles.

The vector-bispinor is also used to describe spin 3 particles only (Capri 1969,
Chandrasekaran et al 1972, Loide and Loide 1977). Then the representations (1, 1)
and (3, 1) are not linked and therefore the B° matrix does not contain operators t,,and t,,,
i.e.ays=ay =0.Now B8°=8""2 B*?=0, and the factor sin (3.3) and (3.7) is absent. The
physical region of parameters ab and c is determined by the parabola

dab = —c’. (3.17)

1/2

The eigenvalues of the 8/° matrix are the following

24 ,=cx(c’ +4ab)"?, 2A;4=—cF(c’+4ab)"> (3.18)

4. The root method

Recently the root method has been used (Ogievetsky and Sokatchev 1977, Berends et
al 1979, van Nieuwenhuizen 1981). The root method allows us to derive equations
for different spins, and is also applicable in the superfield case. Here we explain how
the root method is connected with our previous formalism of spin-projection operators.
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It turns out that this method is not so universal and seems somewhat artificial, since
the derivation of equations in the ordinary way is quite simple.

The general idea of the root method (Ogievetsky and Sokatchev 1977) follows. Let
II° be the projection operator which extracts spin s from the field . Multiplying by
-1 to a power g which is sufficient to cancel the non-locality of II®, we obtain the
equation

(-0 Iy = (m*)*. (4.1)

The order of equation (4.1) is in general too high. Suppose g=1 and a first-order
equation is needed. Now the root method means that one must find an operator 8
defined by

B*=-0OII". 4.2)
The first-order equation
BY = mys 4.3)

reduces, using (4.2), to (4.1). The operator 8 defined by (4.2) is not in general unique.

In Berends et al (1979) this procedure is somewhat concretised. The field ¢
transforms under some reducible representation and contains different spins. The most
important objects we started with are the spin-projection operators I[1; which extract
spin s from some sub-representation when applied to . Next, one must find the set

s

of spin transition operators I1}; (i # j), so that operators IT;; and I1}; will satisfy
HZH il = Bss'ajknfl' (44)
Now, the root method means that it is necessary to find operators 8; which satisfy
H;Bicrl = 5::’8jkﬂil ’
Bf} i’l = Bss'sjkal 3 (4~5)
ﬂlSjBil = ass'ajknfl-

Equation (4.3) is constructed, using 3}, in the following way: 8 is a linear combination
of operators B

B =Y ay(s)Bj (4.6)

ijs

Using (4.5), one must calculate 82 and choose the coefficients a;(s) which lead to (4.2).

In the following we express the operators IT;; and 8; for a vector-bispinor field
with the help of our previous spin-projection operators t*. We restrict ourselves to the
rest system (p =0). Since there is no unique prescription of how to find operators I},
the most natural way to give IIj is the following

2 0 0 0 e 0 0 0
0 00 O 0 00 O
H3/2= I"[l/Z=
. 0 00 o0Ff ! 0 00 of
0 0 0 £ 0 0 0 2
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0 0 0 0 0 12 0 0
0 142 0 0O 0 0 0
|/2= 22 |/2=
I 0 0 42 of I o 0o o0 of
0 0 0 0 0 w4 0
0 00 0 @D
Hl/z_tng 00 0
2 0 0 0 £
0 0 0 O

From (4.7) we can see that I1}}* extracts spin 3 and H”2 extracts spin 3 from the
representation (1, 3)@® (3, 1). Similarly, I1,5* extracts spin § from blSpanI‘ @, 0)@(0, .
Operators I1}5% and I1,{” relate linked representations (1, )@@, 1) and (3, 0)®(0, 3). It
should be mentioned that the choice of operators IT; satisfying (4.4) is not unique and
this non-uniqueness is connected with the spin 3 degeneracy

The operators 3, which satisfy (4.5) are

(8]

0 0 0 £ 0 0 0 t
PO 0 0 0 0 glro 0 00 0
0 00 oF 0 0 0 oFf
520 0 0 0 0 0
0 0 0 0 0 0 1470
0 0 140 0 0 0 0
1/2= 23 I/2= 48
BZZ O t;éQ Os BIZ 0 0 0 O, ( )
0 0 0 0 0 12 0 0
0 00 0
Bl = 0 0 0
T 0 0 0
0 0 0 0

It is not, in general, easy to find B} if we start from operators II;. In our case B are
related to IT; with the help of parity operator m: 811* = #II37%, B/ = —=I1)/~.
B* matrices (3.2) and (3.3), 7 and A are expressed, using B, in the following way:

3/2 3/2 /2 I 1/2 2 /2

BY?= B, B'r=1B\ + B +aBiy +bB3,
3/2 1/2 1/2 3/2 1/2 1/2

m™= B/ B/ 2%, A= Pl(ﬁ/ B/)+PZB/~

The Rarita—Schwinger equation is now derived in the following way: we start from
I137%, and try to find B°=B*?+B"? whose square is equal to II}{>. Using (4.5) and
(4.9), we obtain

(4.9)

(B =T110* +(ab + DI {* +(ab + A1 352 + a(c + HITIL2 + b(c +HITL2 (4.10)

(B°)2=H?{2 gives ab=—} and c=-}. As we can see, the root method is indeed
applicable. The trouble arises when we consider a multiparticle case. The problem
is, how to find the combination of matrices I1}, the square root of which must be derived.

While making a comparison with the ordinary method described in § 2, we can see
that it allows us to derive 8° directly, i.e. the operators Bi- In the case of the root
method one starts from operators I} which are not needed in the construction of 8°,



2544 R K Loide

and the problem reduces to the derivation of the operators 3;. Also, there is no general
procedure for finding B;. In the covariant description, however, the root method is
useful since one can more easily derive operators I1}, and then combine operators 8,
which satisfy (4.5).

5. Covariant y-formalism

The method of spin-projection operators which we considered in § 2 is very useful in
pure algebraic investigations of equations; the formalism of Dirac y-matrices is easier
to handle in the covariant description of equations for vector-bispinor ¢,,. In this
section we transpose all the relations obtained earlier to the covariant form, and give
the method for establishing the particle content and masses of an arbitrary first-order
equation for the vector-bispinor.

We start from the operators I1;;. The generators S*” of the Lorentz group are

(84X =n""nl—n"n} +3m30*, (5.1)

where o =3[v*, ¥*], {v*, ¥'}=27n*" and the spinor index is suppressed. Using the
covariant spin operator §°

S*=3(S**S,, +(28,3"/00)§**S,,) (5.2)

(0 =4,0"), which is decomposed as §*=FI1**+3I1'/?, we obtain the covariant spin-
projection operators I1*? and I1'/2

(I35 =05 =3y v — (2/30)8%3, +(F7300)(8 s —92¥"), (5.3)
(T35 =3y v, +(2/300)8%0, — (87/30)(0%y, — Y™ (5.4)

Obviously IT1*? is the covariant form of the spin-projection operator I13? given by
(4.1). We denote it as I13{%(3). In order to find the operators corresponds to I}
and T13%°, we must split 11'/? into two parts, one of which corresponds to the
representation (1,3)@ (3, 1) and the other to the bispinor (3,0)@ (0, }). 115 is easily
extracted if we use the fact that in the case of the bispinor only the covariant spin
operator is S? =3I, therefore I13}? is the operator which seaprates (3, 0)®(0,1). The
bispinor is separated with the help of the first Casimir operator of the homogeneous
Lorentz group: C, =35**S,,. The bispinor corresponds to the eigenvalue 2 of C,. We
obtain (I135%(8))5 =5y v.; I1}5* and I13/? are calculated from (4.3). The full set of
covariant operators I1;(3) corresponding to (4.7) is

(I133(8)5 = m3 =33y — (2/30)9%8,(F/30)(6" v, — 97"),

(I20))5 =15y +(2/30)8%0, — (#/30)(0y, —0,7"),

TN T =477, (5.5)
(I}2(8)5 = —(1/4V3)y s +(1/¥30)5" ¥y,

(3%(8) 5 = —(1/4V3)y"y, +(1/¥30) y* 8,

Operators I1;(3) are non-local, except for 1135%(3), and contain 17",
It is not easy to find the square roots, since the non-local structure of gj; is different.
More easily, one can find the square root of II;5%(8), which is equal to
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(BY2(3))5 =" #y,/4/O. The other Bi/? are calculated from (4.5). The full set of
operators 3}(9) corresponding to (4.8) is
(B30 = (1/ND)n5 — 45"y —30ry™ +3v*Fv) = (2/30%2)85%,,
(BI?(8)5 = (1/3VD) Gy 8y — 9%y —0,77) +(4/30%2) 483,
(B¥3)): =(1/4/D)y* 7, (5.6)
(BY3(8); = (1/V30)(a™m —3v*Fm),
(BY2()5 = (1/¥30)(v"0r = 37" #/m).

The non-local terms are (372 and ™2, As we have mentioned in § 2, the spin-

projection operators 1347, 131, ti4? and t}}? (or B3/? and B1{?) lead to a third-order

equation because the non-local term (1~ 37 is present in operators 831%(3) and B1/2(3).
In order to obtain the first-order equation, one must eliminate these non-local terms.
It is easy to see that the only possible combination is 83/%(3) +181/%(s)

(BY2(3) +3B1@) % = (1N ~1v™6, —39" v +37" 7). (5.7)

The reason why the spin-projection operators t;;> and ¢4 are uniquely related in the
first-order equation: t,4=t3,”+5¢14%, has now been explained.

The general first-order equation for ¢, is, from (4.9), (5.6) and (5.7), written in
the following general form

iV (B312(8) +3B113(8) + cB15X(9) + aB152(3) + bBY(3)) 1y = myr™. (5.8)

Choosing the parameters a, b and ¢ from the physical region (see figure 1), we can
write down all the possible equations for ¢,,,.
Usually the most general equation for ¢,, is written as follows:

(id — m)y™ + Aig*y, ¢ + By™id,u* + Cy*(i8) vt =0 (5.9)
or in the standard form (2.1)

i(8,8%)X¢" = my™,
where

(B*)X=v*ni + An™y + By" nX + Cy™y* . (5.10)

It is easy to find a relation between the coefficients A, B, C and the parameters a,
b, c:

=423 a-3), a=(6A+3)/23,
B=42V3b-3), b=(6B+3)/2V3, (5.11)
C =29+6c—2V3 (a+b)], ¢c=32A+2B+8C-1).

The role of (5.11) is twofold—if we choose, using the formulae of § 3, the parameters
a, b and ¢ corresponding to a given mass spectrum, we can write down the general
equation (5.9); on the other hand, if the equation (5.9) is given, we can find the
coefficients a, b and ¢ from A, B and C and therefore the particle content and mass
spectrum of the given equation.
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In order to write down 7 and A matrices, we first give the matrices 8j in (4.8)
(B =300 + " 03X +3v Y n =i -3y 0%,
(BI3=37"0"13 =50y =37 0%+ Y %,
(BE)X=57"Y" 1, (5.12)
(BY): =1/ (% — vy n),
(BYDX =/ 0 =57 ")
The parity operator has a standard form. From (4.9) and (5.12) we obtain
(m)5==2y"7"n3+¥°n}. (5.13)
The hermitising matrix A is given by (4.9). Due to (3.6), we obtain p, = —(a/b*)p,.
We set p, =1, and now from (4.9) and (5.12)

0_0x_0

(A7 =-29"2"n3 +7°n% +a(1 - a/b*)y*y°y,. (5.14)

In the case of ab > 0 the expression for A may be simplified. We may always operate
with real a and b, and take a=b. Then A== If ab<0, A# 7.

While operating with equations and Lagrangians for the vector-bispinor ¢,, we
met with some ambiguity which we shall try to explain. A depends on the choice of
B° matrix and satisfies (8°)"A = AB°. On the other hand, it defines an invariant scalar
product which is consistent with the Lagrangian (2.14). If we define the conjugated
wavefunction

g =y7A, (5.15)

we have . ~ _

Yo=Y AY =gt +i(1-a/ by vyt (5.16)
wh_ere (/7“ = (I/;yo is the Dirac conjugated wavefunction. Therefore, in general, d;d/ #
— gt

The Lagrangian (2.14) is written as

L=3i(§8,B* Y — b, B*Y) — min. (5.17)
Variation with respect to ¥ and ¢ gives the equations

(10,8* —m)y =0 and (i3, B* +m)=0. (5.18)

Usually L is varied with respect to Dirac conjugated wavefunction (17,“ and then
the equation obtained has a form

(i9,a* — mM)y =0, (5.19)

where M # I is some non-singular matrix. The equation (5.18) is obtained if we
multiply (5.19) from the left by M ™',

As we have mentioned in § 3, ¢,, is sometimes used to describe spin 3 particles.
These equations are written in the following general form:

Aid*y it + By ia bt + Cy*(i8) yay* = my™ (5.20)
The parameters A, B, C and a, b, ¢ are related in the following way:
a=+3A, b=+3 B, c=A+B+4C (5.21)
1/2

The eigenvalues of B'/¢ are calculated from (3.18).



Equations for a vector-bispinor 2547

Concluding this section, it is worth pointing out that the set of operators II}; and
B satisfying (4.4) and (4.5), is not unique. In § 4 we derived them, using the ideas
based on the formalism of spin-projection operators ;. The operators I1}(3) and 85(9)
in this section are derived similarly. Another set of operators Pj is used by van
Nieuwenhuizen (1981). These operators are related in the following way

Ii{*= PP,

= ;P'/2+4P”2 W3(PI2+PLR),

M2 =3P 2 +1PY + V3 (P2 + PY), (5.22)
[5 =43 (P2~ PI{?) =PI +3P3%,

Mnj’= ‘~/3(P’/2 Pi?)+3P12 5Py

6. Examples

In this section we give some examples of often used equations for the vector-bispinor
‘Jjau.'

6.1. The Dirac equation

From a number of single mass equations there exists one which describes one spin 3
and two spin 5 particles with the same mass m (Loide and Loide 1977, Kbiv et al
1982a, b). This corresponds to the parameters ab =3 and ¢ = —}. If we choose a=b =
1J3, we obtain from (5.11) A= B=C =0 and the equation (5.9) reduces to the Dirac
equation

(id —myy™ =0. (6.1)

If we add 4.4 = v, =0, we obtain the Rarita-Schwinger equation (Rarita and
Schwinger 1941).

6.2. The Rarita-Schwinger equation

The parameters corresponding to the Rarita-Schwinger equation are ab= —j, ¢ = —3.
The most natural choice is a = —b =3, but usually the non-symmetrical choice is used.
The equation, given by Velo and Zwanziger (1969) corresponds to the parameters

a=-3/2J3, b= l/2~/3 or A=~1, B=—C = —}, and the equation (5.9) reads
(i —m)y™ —ig*yg" =3iy* " +3iy*nd* =0. (6.2)

The equation given by Velo and Zwanziger (1969) is derived from the Lagrangian
= ll/l("),,_ﬁ“l[l mlln/z but varied with respect to '/’u

L = _IJMB/‘I,# +i(EA6#’Y/\wA +iJ,u.‘y“aAde _il/;n‘y“ﬁ/‘YAd/A + mll;y.w# - mt/;u.y“)l)\wl\s (6'3)
1Y* —id"my* —iya’ +iv* Ayt — m(nh — y* v, )y =0. (6.4)

(6.4) is written in the form (5.19), where M¥% = n% — y*y,. Multiplying (6.4) from the
left by (M™")% =% —3¥"7,, we obtain (6.2).
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6.3. SO(1, 4)-type equation

In the papers by K&iv et al (1970), Loide (1971) it is shown that the Rarita-Schwinger
equation is equivalent to the following SO(1, 4)-type equation

(i —m)y™ —(1+Dig"ng" — (1 -Diy* ey’ +y " Fyy” =0, (6.5)

with subsidiary conditions y,¢* =38,¢* =0. The equation (6.5) corresponds to
the parameters a = W3 (1+42i), b=-4/3(1-2i), c=2 and the matrices

Sp.S - %B/.L (6.6)
generate the SO(1, 4) algebra.

6.4.

The superfield equation for a spinor superfield, derived by Ogievetsky and Sokatchev
(1977), leads in the case of superspin 1 to the following equation (Loide and Suurvarik
1984):

(id —my*—3iy“ o, =0. (6.7)

Now we have ab =3, ¢ = —3, which gives the masses m and $m. Equation (6.7), therefore,
describes spin 3 with mass m and two spins 3 with masses m and m. The state with
mass 3m is eliminated by the additional condition a,¢* = 0.

6.5.

In simple supergravity (van Nieuwenhuizen 1981), the massless gravitino field is
described in the flat limit with the help of the following equation

6“V"‘T'ysyvé)pd/(7 =0. (6.8)

It is interesting to note that the corresponding massive equation ie‘”""ysyva,,wg = my*
which may be written as

(id —m)y* —io*yg* —iy o, +iy* Ay =0 (6.9)
gives us ab=3 and ¢ =3. Now ab = ic, and therefore (6.9) describes one spin 3 particle
with mass m and one spin } particle with mass im.

6.6

From spin ; equations we note the one which corresponds to a=b =1, ¢=0 (Loide
and Loide 1977). This equation describes two independent spin 3 particles with the
same mass m. In the representation where ¢ is decomposed into a direct sum, we
have two independent equations for representations (1,3)@®(@, 0) and (0, )@, 1).
Using y-matrices the corresponding equation reads

(/V3)(0 yn + "0, =3y By ) = my™. (6.10)

6.7.

The superfield equation for superspin 0 (Loide and Suurvarik 1983) gives the following
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equation in the case of spinor superfield (Loide and Suurvarik 1984):
1@ =y Ayl +ay ot = my, 6.11)

Now ab =3 c=-3}and we have A’=1, A"=} from (3.18). Equation (6.11) describes
two spin } particles with masses m and 4m.

7. Conclusions

In this paper the full description of all equations for a vector-bispinor ,, has been
given. In order to simplify the use of the formulae given above we outline once more
the general procedure for writing down an equation corresponding to a given mass
spectrum, or to establish the particle content and masses of a given equation.

7.1. Equations with given mass spectrum

7.1.1. Spins 3 and . Spin 3 has mass m; choose the masses of spin 3 particles m/A’
and m|A”. Parameters ab and c are determined from (3.13), (3.14) or (3.15). Now we
choose a, b and c, coefficients A, B and C are calculated from (5.11), and the
corresponding equation is given by (5.9).

The scalar product and Lagrangian are found with the help of (5.16) and (5.17),
respectively.

7.1.2. Spin 3. Choose the masses m/A’ and m/A". Parameters ab and ¢ are determined
from (3.18), A, B and C from (5.21). The corresponding equation is given by (5.20).

7.2. Masses and particle content of a given equation

7.2.1. Spins 3 and 5. Equation (5.9) is given; parameters a, b and ¢ are then determined
from (5.11). Formulae (3.8) give us the eigenvalues A’ and A", which in turn determine
the masses and particle content.

7.2.2. Spin 3. Equation (5.20) is given; parameters a, b and ¢ are determined from
(5.21) and eigenvalues A’ and A" from (3.18).

In conclusion we want to point out that the equations for a vector-bispinor in the
special form (5.19) were previously analysed by Baisya (1971). This analysis corre-
sponds to the following special choice of parameters: A=—1(a = —%\/3), and the other
parameters are arbitrary. The specially mentioned cases 1 and III correspond to the
lines ab = jc and ¢ =~} in the ab-c diagram (see figure 1), respectively.
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